ABSTRACT. Let I be a prime number and fc an imaginary abelian field. Sinnott [12] has shown that the relative class number of fc is expressed by the so-called index of the Stickelberger ideal of fc, with a "supplementary factor" c~ in N/2 = {n/2\n e N}, and that if fc varies through the layers of the basic Z;-extension over an imaginary abelian field, then c~ becomes eventually constant. On the other hand, c~ can take any value in N/2 as fc ranges over the imaginary abelian fields (cf. [10] ). In this paper, we shall study relations between the supplementary factor c~ and Iwasawa's A~-invariant for the basic Zj-extension over fc, our discussion being based upon some formulas of Kida [8, 9] , those of Sinnott [12] , and fundamental results concerning a finite abelian /-group acted on by a cyclic group. As a consequence, we shall see that the A_-invariant goes to infinity whenever fc ranges over a sequence of imaginary abelian fields such that the /-part of c~ goes to infinity.
as k ranges over all imaginary abelian fields (for the above notations not defined, see the next section).
1. First we give some notations and review some fundamental results by Sinnott ( for the details, see [12] ).
Let K be any abelian extension over Q in C, which is not necessarily of finite degree. We denote by G(K/ty) the Galois group of K over Q. For each positive integer r, let T(r, K) and Z(r, K) denote respectively the subgroups of G(7C/Q) generated by inertia groups and decomposition groups, for 7C/Q, of all prime numbers dividing r. In particular, for any prime number p, T(p, K) is the inertia group of p for 7T/Q and Z(p, K) the decomposition group of p for 7C/Q.
Next, assume further that [K : Q] < oo, so that K is an abelian field. Let 6(K) and R(K) denote, respectively, the group rings of G(K/Q,) over Q and over the ring Z of rational integers: Let K be again any abelian field. Let a be any element in &(K) and let ny,n2 be positive integers, so that both aU(ny,K) and aU(n2,K) are lattices in a&(K). It is known that if ny divides n2, then (aU(ny, K) : all(n2, K)) becomes a positive integer. Let /«■ denote the conductor of K. It is also known that for every positive integer n, U(n, K) = U((n, fn), K) where n denotes the product of distinct prime numbers dividing n. We put U(K) = U(fj{,K). Now, as to fc, we let for simplicity G = G(k/Q), S = 6(fc), R = R(k), ap = (p,k)*, Tr = T(r,k), Zr = Z(r,k), Ur = U(r,k), f = fk, U = U(k)=Uj, where p is any prime number and r any positive integer. Let j denote the complex conjugation of C, so that the restriction j[k is the complex conjugation of fc. We define in 6 e-= l(l-j[k), ff+ = J(l+j|*).
These are idempotents of S. Let 5 be the Stickelberger ideal of fc in the sense of Iwasawa-Sinnott, and let A be the ideal of 7? consisting of all a € R such that e+a = as(G)/2 for some a 6 Z. Then Theorem 2.1 of [12] states that S is a submodule of A with finite index and that
(1 (see also [3] ). In the case where fc is a cyclotomic field, (e~R : £~U)/Q is only a power of 2 and is calculated completely in [11] . Thus formula (1) may be viewed as an "algebraic" expression of h~ by [A : S], with the "supplementary factor" (£~R : £~U)/Q. Since Q = 1 or 2, we are now interested in the value (£~R : £~U). We note here that, given any positive integer n, there exist infinitely many imaginary abelian fields 6 such that (e^R(t) : £^U(t)) = n with ej = \ (1 -j\t) in B(t). On the other hand, (e~R : e~U) is a divisor of ([fc : Q]/2)Ifc:Ql/2, and log[A : S] ~ logh~ as fc ranges over the imaginary abelian fields (cf. [4, 10] ).
We shall use the following notations as well as the preceding ones. With K any abelian field as before, let K+ denote the maximal real subfield of Ti": K+ = Kf]R.
We then define
where X(K) andA(Tf+) denote respectively the Iwasawa A-invariants associated with the basic Z;-extensions over K and K+. Obviously X~(K) = 0 if K is real. Next we define the character group associated with TC By a character of a finite abelian group, we mean a homomorphism of the group into the multiplicative group Cx of C. Each character ip of G(Tf/Q) can be extended to a Q-algebra homomorphism &(K) -y C in the usual manner. Then tp induces a primitive Dirichlet character tp* satisfying iP*(p)=4>((p,K)*) for every prime number p. Such a tp* will be called a character associated with K. Conversely, for any primitive Dirichlet character x, there exist an abelian field K' and a character x' of G(A"'/Q) such that
for all prime numbers p. The fixed field of Ker(x') will be denoted by Kx, since it does not depend on the choice of K',x'-Indeed Kx is the intersection of the abelian fields K' such that x is a character associated with K'. Furthermore Kx is a cyclic extension over Q with degree and conductor equal to, respectively, the order and the conductor of x-We denote by Xk the set of all characters associated with K. If K is imaginary, then we denote by XK the set of odd Dirichlet characters in Xk'-xK = {xeXK; x(-i) = -i}- Here £^, = ^(1 -j\k') € &(k'), and t ranges over the positive integers dividing f with r ranging over all positive divisors of f divisible by t.
PROOF. Let fc" be the maximal subfield in fc of degree prime to v: k = fc'fc", fc' fl fc" = Q. For each character x m £&», let f denote the product of prime numbers p dividing /' and satisfying x(p) = 1. Theorem 5.2 of [12] then implies that (2) vordv(e~R : By this result and by the proof of Lemma 1 in [4] or the remark to Proposition 1 in [10] , one can find an upper bound for av, v ^ /, depending only on fc (and /). Our main interest, however, lies in the case v = I. 3 . From now on, we shall only consider the case where the prime v in the preceding section coincides with / : v = I. Let fc' denote as before the maximal subfield in fc of degree a power of /, and fc" the maixmal subfield in fc of degree prime to /. Let us start with showing some lemmas.
As is well known, a finitely generated module over a noetherian ring is a noetherian module. Moreover a usual proof of this fact provides us with the following (see, e.g., [13] ): LEMMA 2. Let n and u be positive integers, N a noetherian ring such that any ideal of N is generated by at most n elements, and M an N-module generated by u elements. Then any N-submodule of M is generated by at most nu elements. LEMMA 3. Let n be a positive integer and T a finite cyclic group. Then any ideal of the group ring (I/lnl) [T] is generated by at most n elements.
PROOF. We prove this by mathematical induction on n as follows. It is well known that (Z//Z)[T] is a principal ideal ring (but is not an integral domain unless T = {1}). Hence the lemma holds when n = 1. Now, with assuming that the lemma holds when n = v > 1, let B = (2/l"+1l) [T] and let 21 be any ideal of B. Since
as a B-module, the above assumption implies that the 5-submodule 21 n IB of IB is generated by at most v elements. Furthermore the ring B/IB is isomorphic to (Z//Z) [T] , so that the ideal (X.+ IB)/IB of B/IB is principal. The canonical B-isomorphism (21 + IB)/IB = 2l/(2tn IB) then shows that 21 itself is generated by at most v + 1 elements over B. This is to be proved.
The following lemma is an immediate consequence of Lemmas 2 and 3. PROOF. We assume that l\(£~R : £~U). Let /' be, as before, the product of prime numbers ramified in fc'. For any x S X^" and for any positive integer t dividing /', let tx denote the product of prime divisors p of t with x(p) = 1-It then follows that /x=mx, forx€£fc»-Since / is odd, this and Theorem 5.2 of [12] show that (7) ord((e-7? : e~U) = ^Mi- In view of (7), we then get the second inequality stated in the proposition. Thus we have proved the proposition.
4. This section is devoted to the proof of our main results, in which some formulas by Kida [8, 9] will play an important part. For any abelian field K, as well as for fc, we let Koo denote the basic Zj-extension over K. We also let A~ = A~(fc). PROOF. Let the notations P and k be the same as in Proposition 2. Note that, by this proposition and the assumption /|(£-7? : £~U), \P\ > 3 and so (8) [fcoo : Qooli > /• Now we apply the theorem of [8] (combined with [2] ) to the extension fcoo/fc^:
A We also find (12) e>(*-i)|P|
by (8), (9), and (10).
Let us next prove PROOF. We may assume a; > 0. This and Theorem 6.1 of [12] imply that for every sufficiently large integer n > 0, /|(£~7?(fc") : £~U(kn)) and at = ordi(e~R(kn) : e~U(kn)).
We thus obtain the corollary, replacing fc by fcn in Theorem 1.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use THEOREM 2. Suppose that 1 = 2. Then ord2(e~R : e~U) < ^(5A~ + 4)(4A~ + 1 -1).
PROOF. We may also suppose that 2|(£-T? : e~U). Let P* be the set of odd primes ramified in fc' and let g be the number of such primes; g = \P*\. By Proposition 3, we have g > 1 and, for any cyclic subgroup 77 of G, Let P-be the set of primes in P* whose prime divisors of fc+ are ramified in fc.
Note that a prime of fc+ lying above some prime in P*\P~ is always decomposed in fcoo ■ Let c be the number of finite primes of fc+, which are ramified in fcoo and PROOF. In the case/ > 2, we put f = (A"-l)/(2/-3), assuming/|(£~ 7? : e~U). Theorem 1 then implies that £ > 1 and (l/l)ord[(£~R : £~U) < $(8« -4) < ^8^ -4 < e«/e+«los8 -4.
Thus we obtain the first inequality of the corollary. In the case / = 2, it follows from Theorem 2 that ord2(£"7? : e~U) < (oX~ + 4)(4A~+1 -1) < 5(A" + 1)4A"+1 -8
<5e(e->+log4)(A-+ l)_8.
and consequently the second inequality is proved.
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